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Abstract. We revisit the two-field mimetic gravity model with shift symmetries recently
proposed in the literature, especially the problems of degrees of freedom and stabilities. We
first study the model at the linear cosmological perturbation level by quadratic Lagrangian
and Hamiltonian formulations. We show that there are actually two (instead of one) scalar
degrees of freedom in this model in addition to two tensor modes. We then push on the study
to the full non-linear level in terms of the Hamiltonian analysis, and confirm our result from
the linear perturbation theory. We also consider the case where the kinetic terms of the two
mimetic scalar fields have opposite signs in the constraint equation. We point out that in this
case the model always suffers from the ghost instability problem.
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1 Introduction
Mimetic scenario was proposed by Chamseddine and Mukhanov [1] as a theory of modifying
Einstein’s general relativity. The idea is to express the physical metric gµν in the Einstein-
Hilbert action with
gµν =
(
g˜αβφ,αφ,β
)
g˜µν (1.1)
by an auxiliary metric g˜µν and a covariant derivative of a scalar field, φ,α = ∇αφ, so that it
is invariant under Weyl rescalings of g˜µν . With the physical metric, the scalar field satisfies
the constraint:
gµνφ,µφ,ν = 1 , (1.2)
as a component it can mimic the dark matter, hence the theory is dubbed the mimetic
dark matter. Alternatively, the above mimetic constraint can be imposed in the action by a
Lagrange multiplier [2]. So the action for the mimetic model takes the following form
S =
∫
d4x
√−g
[
1
2
R+ λ (gµνφ,µφ,ν − 1) + Lm
]
, (1.3)
where we have used the unit reduced Planck mass M2p = 1/(8piG) = 1 and the most nega-
tive signature for the metric. The mimetic model then was generalized in Ref. [3] by adding
a potential V (φ) to the mimetic field for phenomenological applications. It is shown that
the generalized mimetic model can provide inflation, bounce, dark energy, and so on with
appropriate choice of the potential. Therefore, it has attracted extensive cosmological and
astrophysical interests [4–19]. Meanwhile, mimetic scenario has been applied in various mod-
ified gravity theories [20–33]. The Hamiltonian analysis of various mimetic models have also
been investigated in Refs. [34–40]. Moreover, there are also some other theoretic developments
[41–45]. See Ref. [46] for a review.
Although the the original mimetic gravity is free of pathologies, the perturbation analysis
[3] shows that the fluctuation is non-propagating even in the existence of a potential, thus
can’t be quantized in a usual way. To have a propagating scalar mode, higher derivative terms
of the mimetic field has been introduced to the action [3]. Unfortunately, such modifications
suffer from ghost or gradient instabilities [47, 48]. Then it was suggested [49–51] to overcome
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this difficulty by introducing the direct couplings of the higher derivatives of the mimetic field
to the curvature of the spacetime.
One interesting point about mimetic gravity is its close relation with non-invertible
transformation. It has been shown in Refs. [52–54] that mimetic gravity can be obtained
through a non-invertible disformal transformation [55] where the degrees of freedom (DOFs)
are no longer preserved between the two frames and the additional DOF play the role of dark
matter. Following this idea, the two-field extension of the mimetic scenario [44] was recently
proposed by looking at the singular limit of conformal transformation
gµν = A(φ, ψ, X˜, Y˜ , Z˜)g˜µν . (1.4)
where X˜ ≡ g˜µνφ,µφ,ν , Y˜ ≡ g˜µνψ,µψ,ν and Z˜ ≡ g˜µνφ,µψ,ν . 1 The non-invertible condition is
derived to be
A(φ, ψ, X˜, Y˜ , Z˜) = X˜A,X˜ + Y˜ A,Y˜ + Z˜A,Z˜ , (1.5)
and after imposing shift symmetries on φ and ψ, the nontrivial solution for A is [44]
A = αX˜ + βY˜ , (1.6)
where α and β are constants. The corresponding mimetic constraint is given by αX+βY = 1.
Interestingly, it was found [44] that this setup still mimics the dark matter at the cosmological
background level.
However, for perturbations, [44] claimed that the adiabatic mode vanishes, i.e., R = 0,
while the entropy mode is healthy and propagates with the unity sound speed, then concluded
that there is only one scalar DOF in the two-field mimetic model.
In this paper, we will revisit the problem of DOFs in the two-field mimetic gravity model
with shift symmetries. First we will consider the theory of linear perturbations around the
homogeneous cosmological background. By employing the quadratic Lagrangian formulation
as well as the Hamiltonian formulation, we will show that there are actually two scalar DOFs
(instead of one) in this model. This is different from the result of [44]. Then we will push on
our study to the full non-linear level using the Hamiltonian analysis, and confirm our result
obtained from linear perturbation theory. In addition, we will also study the case where the
kinetic terms of the two mimetic scalar fields have opposite signs in the constraint equation.
This has not been considered in the literature. We will show that in this case the model
always suffers from the problem of ghost instability.
This paper is organized as follows. In Sec. 2, we give a brief review of the two-field
mimetic gravity model. In Sec. 3, we reanalyze the two field mimetic gravity at the linear
perturbation level, to find out the perturbative degrees of freedom and analyze their stabilities.
In Sec. 4 .we perform the Hamiltonian analysis at the full non-linear level and check the result
from linear perturbation theory. Finally, we conclude in Sec. 5.
2 two-field mimetic gravity
As pointed out in Refs. [52, 53], the orignial single field mimetic gravity can be generated by
the singular limit of the conformal transformation. In this regard, one can extend the mimetic
gravity to two scalar fields by considering the conformal transformation (1.4) and looking for
its non-invertible condition [44]. One can first look at the Jacobian of the transformation
1The notations in this paper are slightly different from those of Ref. [44].
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∂gµν
∂g˜αβ
and require the eigenvalue to vanish. Finally, the condition on A for the singular limit
of conformal transformation (1.4) is found to be
A(φ, ψ, X˜, Y˜ , Z˜) = X˜A,X˜ + Y˜ A,Y˜ + Z˜A,Z˜ . (2.1)
The nontrivial solution for A is
A(φ, ψ, X˜, Y˜ , Z˜) = α(φ, ψ)X˜ + β(φ, ψ)Y˜ + 2γ(φ, ψ)Z˜. (2.2)
Without loss of generality, one can set γ = 0 in the analysis below as the cross term Z˜
can be removed by a linear transformation of the field space. The non-invertible conformal
transformation takes the form
gµν = (αX˜ + βY˜ )g˜µν . (2.3)
One can easily obtain the corresponding two-field mimetic constraint
αX + βY = 1, (2.4)
which is similar to the single field case. Here X,Y are defined by the physical metric as
X = gµνφ,µφ,ν and Y = g
µνψ,µψ,ν .
In this paper, we impose shift symmetries on both scalars φ and ψ as has been done in
Ref. [44], so that α and β are constants. The studies on general cases without shift symmetries
are left for future publications. The constants α and β can be further absorbed into the fields
through the field redefinitions φ→ φ/√|α| and ψ → ψ/√|β|, so the non-invertible conformal
transformation can be written as
gµν = (X˜ + c Y˜ )g˜µν , (2.5)
where c = ±1. The appearance of c depends on the signs of α/|α| and β/|β|. But only
the relative sign is important, so here we assume α is positive and leave the sign of β free.
Ref. [44] only considered the case c = 1, here we will consider both cases. In terms of Eq.
(2.5), we obtain the corresponding two-field mimetic constraint equation:
X + c Y = 1. (2.6)
Therefore, the action of the two-field mimetic gravity is the Einstein-Hilbert action
constructed in terms of the physical metric (2.5) :
S =
∫
d4x
√
−g(g˜, φ, ψ)1
2
R(g(g˜, φ, ψ)). (2.7)
For convenience, one can write the action in terms of a Lagrange multiplier,
S =
∫
d4x
√−g
[
R
2
+ λ(X + c Y − 1)
]
, (2.8)
where λ enforces the mimetic constraint (2.6). We will use the Lagrange multiplier formulation
in the left part of this paper.
The equation of motion for the metric gµν is
Gµν = −Tµν , (2.9)
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where the effective energy-momentum tensor for the double mimetic fields is
Tµν = 2λ(φ,µφ,ν + c ψ,µψ,ν). (2.10)
In addition, we have the equations of motion for the two scalar fields(√−gλφ,µ)
,µ
= 0,
(√−gλψ,µ)
,µ
= 0, (2.11)
which are nothing but the conservation equation of Noether currents associated with the shift
symmetries. The Noether charges are correspondingly
Qφ =
∫
d3x
√−gλφ,0, Qψ =
∫
d3x
√−gλψ,0. (2.12)
3 Cosmological applications
In this section, we study the implications of the two-field mimetic gravity model to cosmology.
We first discuss the evolution of the Friedmann-Robertson-Walker (FRW) background, and
then the linear perturbations.
3.1 background
In the Arnowitt-Deser-Misner (ADM) formalism, the metric can be decomposed as
ds2 = N2dt2 − hij
(
dxi +N idt
) (
dxj +N jdt
)
(3.1)
where N is the lapse function, N i is the shift vector and hij is the spatial metric. For the
spatially flat FRW background, one have
N = 1, N i = 0, hij = a
2δij , (3.2)
where a is the scale factor and we have used the cosmic time. The background equations are
then given by
3H2 = 2λ, (3.3)
3H2 + 2H˙ = 0, (3.4)
φ˙2 + c ψ˙2 = 1, (3.5)
and
λa3φ˙ = c1, λa
3ψ˙ = c2, (3.6)
where c1 and c2 are just integration constants. By employing the mimetic constraint, φ˙2 +
c ψ˙2 = 1, Eq. (3.6) implies
λ ∝ a−3 , φ˙ = const , ψ˙ = const. (3.7)
Furthermore, one can read out the effective energy density and pressure of the mimetic fields:
ρ = 2λ, p = 0, from the energy-moment tensor (2.10). This yields ρ ∝ a−3 combined
with Eq. (3.7). Therefore these two mimetic fields indeed behave like the dark mater in the
universe, this is true at least at the background level.
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3.2 adiabatic and entropy decomposition
The projections of multiple canonical scalar fields into the adiabatic and entropy modes in
the field space have been studied in Refs. [56–59], and the generalizations to the non-standard
scalar fields were discussed in Ref. [60]. In the two-field mimetic model considered here the
adiabatic mode σ, which represents the evolving path along the background trajectory, is
given by
σ˙ =
√
φ˙2 + c ψ˙2. (3.8)
Using mimetic constraint, one immediately has
σ˙ = 1. (3.9)
When the perturbations are included, one can decompose the fluctuations of the two
scalar fields into the adiabatic δσ and entropy fluctuations δs as
δσ = φ˙√
φ˙2+c ψ˙2
δφ+ c ψ˙√
φ˙2+c ψ˙2
δψ, (3.10)
δs = − ψ˙√
φ˙2+c ψ˙2
δφ+ φ˙√
φ˙2+c ψ˙2
δψ. (3.11)
One can see that δσ represents the perturbation along the background trajectory and δs is
the perturbation orthogonal to the adiabatic direction. We should mention that the definition
of “orthogonal" here depends on the metric of the field space. If both mimetic fields have the
same sign, i.e., c = 1, the metric of field space is Euclidean; otherwise, c = −1, the metric is
Minkowskian.
Note that the definition of the rotation angle θ from the space of (δφ, δψ) to the space
of (δσ, δs)[56] does not work for the case c = −1. For this case one should define something
like rapidity η as
cosh η =
φ˙√
φ˙2 − ψ˙2
, sinh η =
ψ˙√
φ˙2 − ψ˙2
, (3.12)
and adiabatic δσ and entropy fluctuations δs are given by
δσ = (cosh η)δφ− (sinh η)δψ, (3.13)
δs = −(sinh η)δφ+ (cosh η)δψ. (3.14)
Anyway, Eq. (3.10) is general and can apply to both cases of c = ±1. Hence, we will use the
definition Eq. (3.10) in the subsequent discussions on the perturbations.
3.3 perturbation analysis
In this subsection, we revisit on the linear perturbation theory of two-field mimetic gravity
model Eq. (2.8). The ADM decomposition of the action is
S =
∫
d4xN
√
h
{
1
2
(−(3)R+KijKij −K2) + λ
[
(φ˙− φ,iN i)2
N2
− hijφ,iφ,j
+ c
(ψ˙ − ψ,iN i)2
N2
− c hijψ,iψ,j − 1
]}
(3.15)
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where c = ±1, (3)R is the spatial Ricci scalar associated to the metric hij , and Kij =
(h˙ij−DiNj−DjNi)/2N is the extrinsic curvature. As for the tensor perturbation it is trivial
and just the same as Einstein’s general relativity, we only consider the scalar perturbations in
this paper. For convenience, we perform the perturbation analysis in comoving gauge δσ = 0.
Expanding the ADM variables to linear order, one has
N = 1 +A, N i = ∂iB, hij = a
2e2Rδij , (3.16)
Where R is the comoving curvature perturbation.
The action for the scalar perturbations takes the form
S(2)com =
∫
d4xL(2)com, (3.17)
with
L(2)com
a3
=− 3R˙2 − 18HRR˙ − 27
2
H2R2 + 6HAR˙+ 9H2AR− 3H2A2
− 1
a2
[
(∂R)2 + 2 (A+R) ∂2R]+ 6H∂iR∂iB + 2R˙∂2B − 2H (A− 3R) ∂2B
+ λ
[
c
(
δs˙2 − 1
a2
(∂δs) 2
)
+A2 − 6AR
]
− 2δλA ,
where the last line denotes the contribution from mimetic term and the others represent the
contribution of the Einstein-Hilbert term.
After doing some integrations by parts and considering the background EOMs, we obtain
the quadratic Lagrange density in the Fourier space
L(2)com = L(2)δs + L(2)R (3.18)
with
L(2)δs =
3
2
c a3H2(δs˙2 − k
2
a2
δs2), (3.19)
and
L(2)R =− 3a3R˙2 + 2a3
(
3HA− k2B) R˙+ ak2R2 + 2ak2AR
− 3
2
a3H2A2 + 2a3Hk2BA+ 2a3δλA. (3.20)
We can see the entropy perturbation is decoupled from the adiabatic curvature perturbation
at the linear perturbation level.
From the Lagrange density (3.19), it can be seen that the entropy mode propagates with
the speed of unity, and whether the entropy perturbation is pathological exactly depends on
c. In the case of c = 1, where the kinetic terms of the original mimetic fields have the same
sign in the constraint equation, the entropy perturbation is healthy, behaves like a massless
canonical field coupled to the background. However, in the case of c = −1 where the kinetic
terms of φ and ψ have opposite signs, the Lagrange density of the entropy perturbation δs
has a wrong sign. This means δs is a ghost in this case and always suffers from the problem
of quantum instability.
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The momentum conjugated to δs is piδs = 3ca3H2δ˙s and the Hamiltonian density for
entropy perturbation is
H(2)δs = c
(
pi2δs
6a3H2
+
3
2
aH2k2δs2
)
. (3.21)
The variation of the perturbation action with respect to δλ yields a constraint equation
A = 0. (3.22)
Then substituting the constraint into the quadratic Lagrangian (3.20), we obtain the reduced
Lagrangian
L(2)R = −3a3R˙2 − 2a3k2BR˙+ ak2R2 (3.23)
Variations with respect to B and R respectively yield the following two equations of motion
R˙ = 0, d
dt
(a3B) + aR = 0. (3.24)
Here we lay out our difference from Ref. [44]. The authors of [44] first got the equation
R˙ = 0 and then substituted it back into the Lagrangian (3.23), finally through continuous
variation with respect to R they obtained a vanishing curvature perturbation R = 0. So
it was concluded in Ref. [44] that there is only one scalar DOF (the entropy mode) in this
two-field mimetic gravity model. In our opinion, we should not substitute R˙ = 0 into the
Lagrangian (3.23) before the variation to R, because it involves time derivative of R and
thus can not be treated as an algebraic constraint equation of R. We think we should do
the variations to B and R simultaneously as we have done above to get the EOMs (3.24),
which imply that we need two initial conditions to work out time evolutions of variables B
and R. Thus our viewpoint is that generally the adiabatic perturbation R does not vanish
in the two-field mimetic gravity model, so totally there are two scalar DOFs instead of one in
this model, even though the extra DOF (the adiabatic mode) does not propagate.
To confirm our result got above, we should perform the Hamiltonian analysis of the
quadratic Lagrangian density (3.23). Because it does not contain time derivative of B, one
soon has the primary constraint piB = 0. The momentum associated with R is piR = −6a3R˙−
2a3k2B and the Hamiltonian for adiabatic perturbation is
H(2)R = −
(piR + 2a3k2B)2
12a3
− ak2R2 + vpiB. (3.25)
In terms of the primary constraint piB ≈ 0 and the consistency condition p˙iB ≈ 0 we obtain a
secondary constraint
piR + 2a3k2B ≈ 0.
After imposing these two constraints, we have the reduced canonical phase space and reduced
Hamiltonian for the adiabatic perturbation,
H(2)R = −ak2R2. (3.26)
One can check that the canonical equations
R˙ = {R,H(2)R } = 0, p˙iR = {piR,H(2)R } = 2ak2R (3.27)
is equivelent to the EOM (3.24). It is clear now that the adiabatic mode contributes one
physical DOF, different from Ref. [44].
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Therefore, the total reduced Hamiltonian for scalar perturbations is
H(2) = c
(
pi2δs
6a3H2
+
3
2
aH2k2δs2
)
− ak2R2. (3.28)
Finally we have demonstrated at the linear perturbation level that there are two scalar DOFs
in the two-field mimetic gravity (2.8). Together with two tensor modes, the total DOFs of
this model is four. In the next section, we will check the number of DOFs of this model at
the full non-linear level in terms of the Hamiltonian method.
4 Hamiltonian analysis
To identify the degrees of freedom of the non-linear system (2.8), we shall perform the Hamil-
tonian analysis without perturbative expansion. The action we start with is
S =
∫
d4x
√
g
[
R
2
+ λ(gµνφ,µφ,ν + c g
µνψµψ,ν − 1)
]
,
where c = ±1. In the ADM formalism, the action takes the form (3.15).
As the time derivative of N , N i and λ are not involved in (3.15), we have five primary
constraints
piN ≈ 0, pii ≈ 0, piλ ≈ 0.
Other conjugate momentum are
piij =
∂L
∂h˙ij
=
√
h
2
(Kij − hijK), (4.1)
piφ = 2λ
√
h
N
(φ˙− φ,iN i), piψ = 2cλ
√
h
N
(ψ˙ − ψ,iN i).
Constructing the total Hamiltonian from the standard definition [61], we have
HT =
∫
d3x[NH+N iHi + vNpiN + vipii + vλpiλ], (4.2)
where
H = Hg +Hm
=
√
h
[
(3)R
2
+
2piijpiij − pi2
h
]
+
√
h
[
pi2φ + pi
2
ψ/c
4λh
+ λ(hijφ,iφ,j + c h
ijψ,iψ,j + 1)
]
, (4.3)
Hi = Hgi +Hmi
= −2
√
h
(
piji√
h
)
|j
+ piφφ,i + piψψ,i . (4.4)
The time evolution of Φ1 = piλ ≈ 0 leads to the mimetic constraint (secondary constraint)
Φ2 = −
pi2φ + pi
2
ψ/c
4λ2h
+ hijφ,iφ,j + c h
ijψ,iψ,j + 1 ≈ 0. (4.5)
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With the constraints Φ1 ≈ 0 and Φ2 ≈ 0, one can eliminate λ and piλ to reduce the dimension
of phase space and obtain the reduced Hamiltonian
HR =
∫
d3x[NHR +N iHi + vNpiN + vipii], (4.6)
where
HR =
√
h
[
(3)R
2
+
2piijpiij − pi2
h
+
√
(pi2φ + pi
2
ψ/c)(h
ijφ,iφ,j + chijψ,iψ,j + 1)
h
]
, (4.7)
which has the form similar to that of the original one-field mimetic gravity model [34]. Now
we have 12 canonical conjugate pairs for the reduced phase space, ten pairs from metric as in
general relativity and two pairs from the mimetic scalar fields.
The rest four primary constraints piN ≈ 0, pii ≈ 0 yield four secondary constraints
HR ≈ 0, Hi ≈ 0 . (4.8)
One can write the constraints in smeared form [61]
H[N ] =
∫
d3xNHR, D[ ~N ] =
∫
d3xN iHi , (4.9)
which is the generator of the spacetime diffeomorphism transformations. In order to test
whether HR,Hi are first-class, one should work out the commutators among them. The
detailed calculations of the key Poisson brackets related to the Hamiltonian constraint HR
and momentum constraint Hi are straightforward and similar to what have done in the single
field mimetic gravity model, one can refer to Ref. [34] for more details, here we just give some
critical steps. First we compute the commutator of momentum constraint with itself
{D[ ~M ], D[ ~N ]} ={Dg[ ~M ], Dg[ ~N ]}+ {Dm[ ~M ], Dm[ ~N ]}
=Dg[L ~M ~N ] +Dm[L ~M ~N ] = D[L ~M ~N ], (4.10)
where L ~M is the Lie derivative along ~M . Then we compute the commutator of momentum
constraint with the Hamiltonian constraint
{D[ ~M ], H[N ]} ={Dg[ ~M ], Hg[N ]}+ {Dg[ ~M ] +Dm[ ~M ], Hm[N ]}
=Hg[L ~MN ] +Hm[L ~MN ] = H[L ~MN ], (4.11)
and the commutator of Hamiltonian constraint with itself
{H[M ], H[N ]} ={Hg[M ], Hg[N ]}+ {Hm[M ], Hm[N ]}
=Dg[h
ij(M∂jN −N∂jM)] +Dm[hij(M∂jN −N∂jM)]
=D[hij(M∂jN −N∂jM)]. (4.12)
The above Poisson algebra shows all the commutators vanish on the constraint surface.2
In addition, HR and Hi do not rely on N and N i, so piN and pii commutate with all the con-
straints. In all, the 8 constraints {piN , pii,HR,Hi} are all first-class in the reduced Hamiltonian
system. According to definition of DOFs by Dirac [62], our system have (2×12−2×8)/2 = 4
DOFs. This is consistent with our analysis of the linear perturbation in the previous section.
In the cosmological perturbation theory, the 4 DOFs correspond to one adiabatic mode, one
entropy mode and two tensor modes respectively.
2Because all the H and D are integrates of HR or Hi, which vanish on the constraint surface.
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5 conclusion
In summary, we revisited in this paper the problem of DOFs in the two-field mimetic grav-
ity model with shift symmetries, which was recently studied in Ref. [44]. With quadratic
Lagrangian and Hamiltonian formulations, our analyses on the linear perturbations around
the homogeneous cosmological background showed that there are two scalar DOFs in this
model, different from the result got in Ref. [44]. These two scalar DOFs correspond to the
adiabatic and entropy perturbations respectively. The former does not propagate, same as in
the model of original single-field mimetic model. The entropy perturbation decouples from
the adiabatic one and behaves like a massless scalar field, propagating in the homogeneous
background. We further confirmed our result by analyzing the full non-linear theory in terms
of the Hamiltonian formulation. In addition, we also considered the case where the kinetic
terms of the two mimetic fields have opposite signs in the mimetic constraint equation. The
quadratic Lagrangian show that, in this case, the entropy mode is a ghost.
We point out here that the behavior of two-field mimetic gravity model (2.8) has many
similarities to the original single-field mimetic theory. First, the setup still mimics the roles
of dark matter at the background level. Second, the comoving curvature is frozen R˙ = 0.
Therefore, if one focus only on the adiabatic curvature perturbation or the entropy perturba-
tion is not excited at the beginning, two-field mimetic cosmology will be exactly the same as
the single-field mimetic scenario at both the background and perturbation level. This implies
that two-field mimetic gravity also suffer the same instability issues which exist in single-field
mimetic scenario, e.g. the Ostrogradski instability [36] at the presence of extra matter. To
avoid these pathologies, some modifications and extensions should be made. We hope to come
back to these questions in the future.
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